Objective: Transcranial Doppler allows for the estimation of blood Flow Velocity (FV), whose maximum value, especially at systolie, is often of clinical interest. Given that observed values of FV are subject to noise, a useful notion of "maximum" requires a criterion for separating the signal from the noise. All commonly-employed criteria produce a point estimate (i.e., a single value) of maximum FV at any time, and therefore, convey no information on the distribution or uncertainty of FV. This has clinical consequences especially for patients in vasospasm whose largest FVs can be difficult to measure. Therefore, a method for estimating FV and its uncertainty is desirable. 
Introduction
Transcranially derived Doppler measurements of blood flow in major cerebral arteries has found many clinical applications. 1 In addition to assaying stroke risk due to sickle cell disease, dysfunction of cerebral autoregulation, and patent foramen ovale among other etiologies, some of the earliest applications targeted monitoring for vasospasm after subarachnoid hemorrhage. [2] [3] [4] [5] Cerebral vasospasm, the transient reduction of the diameter of one or more major cerebral arteries, can lead to reduced blood flow into the brain, hence cerebral ischemia and an increasing chance for neurological damage. 1 Monitoring for the onset of vasospasm remains an important application of transcranial Doppler (TCD), with over 30,000 patients a year requiring daily monitoring for a week or more. 6 Adding to this primarily civilian population are military patients with head injuries after exposure to explosions, typically road-side bombs, with half of these patients experiencing cerebral vasospasm. 7 TCD measures the distribution within a blood vessel of blood flow speeds towards or away from the transducer, with negligible flow speeds adjacent to the blood-vessel wall and maximum flow speeds near the center of the vessel. 8 Critical for the assay of cerebral vasospasm among other uses of TCD, is successful capture of the speed of the fastest flowing blood within the major cerebral arteries, since this acts as a useful proxy for blood-vessel narrowing. 1 This is a particularly challenging problem, since vasospasm reduces the volume of blood flow while accelerating the blood-flow speed 9 , hence reducing the target for TCD measurements while straining against the upper limits of ultrasound data processing due to aliasing. 10 The time series of the histogram of the flow velocity (FV) is generally referred to as the spectrogram, and the time series of the maximum FV is called an envelope.. Although the spectrogram conveys a great deal of information, the envelope is often the only quantity a clinician examines. This is reasonable because the information contained in a spectrogram can be displayed in different ways, This inherent ambiguity in the information gleaned from a spectrogram also reflects itself in the corresponding envelope. In practice, observed FV values can range from 1-300 cm/s. Therefore, to obtain a useful estimate of maximum FV one must introduce some criterion that defines what is meant by "maximum." Many such criteria (standard for TCD [11] [12] [13] [14] [15] ) are based on the cumulative histogram of FV. Figure 2 shows an example of the relative frequency histogram of FV (top) and the corresponding cumulative histogram (bottom) at a specific time for a specific patient (hereafter, patient X); the latter is obtained by integrating the former from left to right. One may define the maximum FV the values at which the cumulative histogram "levels off;" but there exist different criteria corresponding to different objective measures of that point.
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The vertical bar in Figure 2 marks the FV at which it is maximum according to the Modified Geometric Method (MGM). 11, 12 The top panel in Figure 3 shows the spectrogram and the MGM envelope (in black) for patient X.
Given that the proposed algorithm is compared with the MGM algorithm, a brief review of the latter is in order. The MGM algorithm as well as its variants 11, 12 effectively rotate (clockwise, and about the origin) the cumulative histogram by some amount. The effect of such a rotation is that the point at which the cumulative histogram levels off translates to a point at which the rotated cumulative histogram reaches maximum. Given certain smoothness constraints, it has been shown that this point corresponds to maximum flow velocity. Figure 2 is near the right-most hump, and therefore unrealistic. Therefore, in order to compute useful percentile-based envelopes, one must first disambiguate the signal and noise contributions to the histogram. To that end, here, a gaussian mixture model with two components 16, 17 is employed to represent the noise and signal components, respectively. The component appearing to the left (closest to the origin) is defined to be the signal distribution. Armed with the signal distribution, the three percentiles are computed at each time, and their time series is computed for 59 patients. The three percentile-based envelopes for patient X are shown in Figure 3 , both with the spectrogram (top panel), and without (bottom panel).
In this paper, the details of this percentile-based approach for estimating an envelope are presented. It is found that the estimates are visually consistent with the underlying spectrograms, and that the MGM envelope is approximately consistent with the 95 th percentile envelope. Also, it is shown that percentile-based envelopes naturally allow for displaying envelope uncertainty. rise, diachrotic notch, and diastolic minimum. We also selected a fixed duration (118 time steps, or about 3 minutes) from each of the 59 patients for statistical analysis. This is sufficiently long to include several cardiac cycles, while still allowing details of the envelopes to be visually evident.
Data Processing and Statistical Analysis
As mentioned in the Introduction, the main aims of the proposed method are to first represent the instantaneous Doppler-frequency distribution of FV at a given moment in time, and then to produce spectral envelopes of those frequency distributions through time based on percentiles of that distribution in Doppler frequency. Distinguishing the signal from the noise requires a model. In this paper, it is assumed that the underlying distribution of FV consists of two distributions, corresponding to the signal and noise, and that both are Gaussian. This type of model is a special case of gaussian mixture models, wherein a distribution is assumed to be a linear combination of gaussian distributions. 16, 17 The weights in the linear combination (called mixing proportions) and the parameters of the gaussians are then estimated from data via some optimization procedure. (Here, the ExpectationMaximization (EM) algorithm is used, but other parameter estimation methods are equally adequate.
The EM algorithm maximizes the conditional expected log-likelihood 19 ). Figure 4 
Results
The previous section illustrates the proposed method on a given patient and at a given time.
The top panel in Figure 3 shows the three percentile-based envelopes (blue curves) for patient X. A running-median filter with a window size of 3 sec is applied to the envelopes in order to smooth them even further. The size of the window (i.e., 3) is obtained by trial and error, and by a visual comparison with the MGM envelope. The MGM envelope too is smoothed by a variety of techniques, e.g., an averaging (over multiple cardiac cycles) filter, and a Finite Impulse Response filter. Although the smoothness of the displayed envelopes is important in a clinician's decision making, it is a feature which is easily controlled (e.g., by a single parameter, like the window size of the running-median filter), and so, is not of serious concern.
The procedure is applied to all 59 patients in the data set. It is impractical to show all 59 figures analogous to Figure 3 . Instead the three percentile-based envelopes are compared to the MGM envelope using scatterplots, which are then further summarized into scalar measures.
Each panel in Figure 5 shows the scatterplot of one of the percentile-based envelopes versus the the MGM envelope for patient X. There are 118 points on each scatterplot, corresponding to the 118 time steps displayed in Figure 3 It is worth displaying the envelope for a patient for whom such scalar measures are generally poor. Figure 7 shows the spectrogram and the envelopes for the patient with the lowest Corr value. It is clear that the MGM envelope (black) is in fact incorrect, and that it is the percentile-based envelopes (blue) which are more consistent with the underlying spectrogram. In other words, the low Corr value for this patient does not imply a defect on the part of the percentile-based envelope, but rather a defect of the MGM envelope. Given that the analysis is performed on real (not-simulated) data, the true envelope is not known. As such, the quality of each envelope cannot be assessed objectively on its own merit. For that reason, the analysis here has been based on visually comparing an envelope with the underlying spectrogram (e.g., as in Figure 3) , and/or objectively comparing each of the percentile-based envelopes with MGM's envelope (e.g., Figures 5 and 6 ). In spite of the central role played by MGM's envelope in comparing envelopes, it is important to recall that MGM's envelope is not the true envelope (e.g., see Figure 7 ). Here, it is employed as a standard only because of its common usage.
Discussion
Of the three percentile-based envelopes, the 95 th percentile envelope is closest to MGM's envelope; but the agreement is not perfect, as seen by the boxplots in Figure 6 . For example, according envelope, but the question itself is inappropriate because it elevates the status of MGM's envelope to a "Gold Standard," when in fact it is not. What is more important is that the proposed approach produces a useful spectrogram as well as an interpretable (in terms of percentiles) generalization of approaches that naturally produce only a single envelope (e.g., MGM).
A percentile-based envelope is based on a percentile of the signal distribution, where the signal (and noise) distribution is defined from fitting a gaussian mixture model with two components to the whole histogram, at a given time. There is some justification for examining the three components. For example, in Figure 4 one may argue that there are possibly three overlaying histograms: one corresponding to the large hump on the left (i.e., the signal), one associated with the small hump on the right (i.e., associated with an aliasing reflection in Doppler, and another corresponding to a uniform "background" spanning the full range of FV values. We have repeated the entire analysis but with three gaussian components. The results are inconclusive and require further research. For some patients, the results do not change significantly, but for others they do in ways that can be considered "better" or "worse" depending on the measure of quality.
The percentiles of the signal distribution allow for meaningful envelopes which can objectively assess the largest FV. And displaying multiple envelopes can convey information on the uncertainty in the observed FV. One can envisage an alternative measure of uncertainty. For example, one may consider the envelope corresponding to a fixed percentile, say 95 th , and then obtain the distribution of that quantity via some resampling method. 21 In turn, that (sampling) distribution can be used to compute confidence intervals for the true 95 th percentile envelope. Such interval estimates of the envelope can be useful in conveying uncertainty, if/when a specific percentile is of interest. Otherwise, displaying multiple envelopes corresponding to different percentiles, as done here, is sufficient for conveying uncertainty. 
